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On some new weakly singular Volterra










In this paper, we consider a general form of nonlinear integral inequalities with the
unknown function composed with a given function on the left hand side, more than
one distinct nonlinear integrals on its right-hand side, and weakly singular kernels,
and involving maxima of unknown function. Requiring neither monotonicity nor
separability of given functions, we apply monotonization to estimate the unknown
function. Our result can be used to weaken conditions for some known results. We
apply the obtained result to a boundary value problem of integro-diﬀerential
equations with maxima for uniqueness.
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1 Introduction
The Gronwall-Bellman inequality [, ] is an important tool in the study of existence,
uniqueness, boundedness, stability, invariant manifolds, and other qualitative properties
of solutions of diﬀerential equations and integral equations. There can be found a lot of
its generalizations in various cases in the literature (e.g. [–]). Lipovan [] investigated















ds, t ≤ t < t.










ds, t ≤ t < t.
Another aspect of integral inequalities is to consider the unknown u composed with a
given function on the left hand side, which has been developed (see [–]). On the basis
of discussion (see [–]) on integral inequalities in multi-variables.
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In recent years, many researchers have devotedmany eﬀorts to investigating weakly sin-
gular integral inequalities and their applications (see [–]). In  McKee [] con-
sidered the following initial value problem:




(t – s)α ds + q(t), ≤ t ≤ T , y() = y, (.)
when α =  for the diﬀusion of discrete particle in a turbulent ﬂuid. Henry [] used inte-
gral inequality with singular kernel to prove global existence and exponential decay results
for a parabolic diﬀerential equation.Medved [] presented a newmethod to discuss non-
linear singular integral inequalities of Henry type
u(t)≤ a(t) + b(t)
∫ t
t
(t – s)β–sγ–F(s)u(s)ds, t ≥ . (.)
In Ma and Pečairé [] considered the following nonlinear singular inequalities with
power nonlinearity:





)β–sγ–f (s)uq(s)ds, t ≥ . (.)
Along with the development of automatic control theory and its applications to compu-
tational mathematics and modeling, attention was also put to integral inequalities with
the maxima of the unknown function. Actually, many problems in the control theory can
be modeled in the form of diﬀerential equations with the maxima of the unknown func-
tion [, ]. For example, the equation describing the work of the regulator [] can be
presented as
Tu′(t) + u(t) + q max
s∈[t–h,t]
u(s) = f (t), (.)
where T and q are constants. Equations involving maxima of an unknown function are
called diﬀerential equations with maxima [, ]. Such a problem again requires a new
type of integral inequalities as a tool to investigate its qualitative properties. There have
been given some results for integral inequalities containing the maxima of the unknown
function [–].










ds, t ∈ [t,T),
u(t)≤ φ(t), t ∈ [βt, t],
(.)
where α > ,  < β < , r, p, q, and φ are nonnegative continuous functions.





























ds, t ∈ [t, t), (.)
u(t)≤ ψ(t), t ∈ [b∗(t) – h, t],
where a, f , gi ’s, and ωi ’s are nonnegative continuous functions, bi’s are nonnegative con-
tinuously diﬀerentiable and nondecreasing functions and b∗(t) := min{min≤i≤m bi(t),
minm+≤j≤m cj(bj(t))}. As required in previous work [, ], we suppose that ≤ bi(t)≤ t,
h > , is a constant and the ωi ’s are deﬁnite positive, i.e., ωi(s) >  for s > . In this paper
we require neither monotonicity of a, ωi ’s, gi’s and g nor a(t) ≥ . We monotonize those
ωi ’s to make a sequence of functions in which each possesses stronger monotonicity than
the previous one so as to give an estimation for the unknown function. Finally, we ap-
ply the obtained result to a boundary value problem of integro-diﬀerential equations with
maxima for uniqueness.
2 Main result
Consider system (.) of integral inequalities with t < t in R+ := [,∞). C(M,S) denotes
the class of all continuous functions deﬁned on set M with range in the set S. B(ξ ,η) =∫ 
 sξ–( – s)η– ds (ξ ,η ∈ C, Re ξ > , Reη > ) is the well-known beta function. As in [],
we say μ ∝ μ for μ,μ : A⊂R→R \ {} if μ(s)/μ(s) is nondecreasing on A.
Suppose that
(H) all bi : [t, t)→R+ (i = , , . . . ,m + n), cj : [t, t)→R+ (j =m + ,m + , . . . ,m + n)
are continuously diﬀerentiable and nondecreasing such that bi(t)≤ t, cj(t)≤ t on
[t, t);
(H) f ,ϕ :R+ →R+, and ψ : [b∗(t) – h, t]→R+ are continuous functions, ϕ is strictly
increasing such that limt→+∞ ϕ(t) = +∞;
(H) all gi(t, s) (i = , , . . . ,m + n) are continuous and nonnegative functions on
[t, t)× [b∗(t), t);
(H) all ωi (i = , , . . . ,m + n) are continuous on R+ and positive on (, +∞);
(H) a(t) is continuous and nonnegative function on [t, t);
(H) ki,qi ∈ [, ], αi ∈ (, ], βi ∈ (, ), pqi(γi – ) +  > , pki(βi – ) +  >  such that

p + kiαi(βi – ) + qi(γi – )≥  (p > , i = , , . . . ,m + n).
For those ωi’s given in (H), deﬁne ω˜i(t) inductively by
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ω˜(t) := maxτ∈[,t]{ω¯(τ )}, t ≥ ,
ω˜i+(t) := maxτ∈[,t]{ ω¯i+(τ )ω˜i(τ ) }ω˜i(t), t ≥ , i = , , . . . ,m – ,
ω˜m+(t) := maxτ∈[,t]{ ωˆm+(maxs∈[,τ ]{f (s)})ω˜m(τ ) }ω˜m(t), t ≥ ,
ω˜j+(t) := maxτ∈[,t]{ ωˆj+(maxs∈[,τ ]{f (s)})ω˜j(τ ) }ω˜j(t), t ≥ , j =m + , . . . ,m + n – ,
(.)
where ωˆj(t) := maxτ∈[,t]{ω¯j(τ )} for j =m + , . . . ,m + n, ω¯i(t) := ωi(t) + εi for t ≥ , i := ε if
ωi() =  or :=  if ωi() =  for i = , , . . . ,m+n, and ε >  be a given very small constant.
Remark  If f and ωi(u) (i = , . . . ,m) are continuous and nondecreasing functions on R+
and are positive on (,∞) such that ω ∝ · · ·∝ ωm ∝ ωm+ ◦ f ∝ · · ·∝ ωm+n ◦ f , then deﬁne
function ω˜i(u) := ωi(u) (i = , . . . ,m), ω˜j(u) := ωi(f (u)) (j =m + , . . . ,m + n).
Theorem . Suppose that (H)-(H) hold, maxs∈[b∗(t)–h,t] ψ(s) ≤ ϕ–(( +m + n)–/q ×
a(t)), and u ∈ C([b∗(t) – h, t),R+) satisﬁes system (.) of integral inequalities.




























, u≥ ui > , i = , . . . ,m + n, (.)
ui >  is a given constant, ω˜i (i = , , . . . ,m + n) are deﬁned by (.), ri(t) is deﬁned by












, i = , , . . . ,m + n – , (.)






, t ≥ t, (.)








p , p +




















, i = , , , . . . ,m + n. (.)
In order to prove the theorem, we need the following lemma.






)pa(β–)spb(γ–) ds = tδ
α
B
(pb(γ – ) + 
α
,pa(β – ) + 
)
, t ∈R+,
where δ := p[aα(β – ) + b(γ – )] + ≥ .
Proof Change the variable v: tαv = sα , then ds = t
α

























(pb(γ – ) + 
α
,pa(β – ) + 
)
, t ≥ .
This completes the proof. 
Lemma . (Discrete Jensen inequality) Let If A, . . . ,An be nonnegative for real numbers
and r > . Then
(A + · · · +An)r ≤ nr–
(
Ar + · · · +Arn
)
.
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Lemma . (see []) Suppose that
(C) all hi (i = , , . . . ,n) are continuous and nondecreasing on R+ and are positive on
(,∞) such that h ∝ h ∝ · · · ∝ hm+n;
(C) a(t) is continuously diﬀerentiable in t and nonnegative on [t, t) where t, t are
constants and t < t;
(C) all bi : [t, t)→R+ (i = , , . . . ,n) are continuously diﬀerentiable and
nondecreasing such that bi(t)≤ t on [t, t);
(C) all fi(t, s), i = , . . . ,n, are continuous and nonnegative functions on [t, t)× [t, t).

























, t ≤ t ≤ T,






, u≥ ui > , i = , , . . . ,n,
















, i = , , . . . ,n – ,















, i = , , , . . . ,n.
Proof of Theorem . First of all, we monotonize some given functions f , ωi, and a in
system (.) of integral inequalities. Let










, t ≥ t. (.)
From (.) we see that the functionWi is strictly increasing and therefore its inverseW–i
is well deﬁned, continuous, and increasing in its domain. The sequence {ω˜i(t)}, deﬁned by
ωi(s), consists of nondecreasing nonnegative functions on R+ and satisﬁes
ωi(t)≤ ω˜i(t), i = , , . . . ,m,




) ≤ ω˜i(t), i =m + , . . . ,m + n.
(.)
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Moreover,
ω˜i ∝ ω˜i+, i = , , . . . ,m + n, (.)
because the ratios ω˜i+(t)/ω˜i(t), i = , , . . . ,m + n, are all nondecreasing. Furthermore, let
gˆi(t, s) := max
ι∈[t,t]
gi(ι, s), (.)
which is nondecreasing in t for each ﬁxed s and satisﬁes gˆi(t, s) ≥ gi(t, s) ≥  for all i =
, , . . . ,m + n. We note that a˜(t) ≥ a(t) and gˆi(t, s) ≥ fi(t, s) and they are continuous and


















, ∀s ∈ [b∗(t), t). (.)



















































ds, t ∈ [bj(t), t),




q = , p > , then q > . Since pqi(γi –)+ > , pki(βi –)+ > , and

p +kiαi(βi –
) + qi(γi – )≥  for i = , . . . ,m + n. By Lemma ., Hölder’s inequality, and (.) we get
































































































































where we use ≤ bi(t)≤ t and the deﬁnition of di(t).




































Then from (.), we see that rˆ(t) is nondecreasing on [t, t). By the deﬁnition of g˜i(t, s)

























ds, t ∈ [t, t),
u(t)≤ ψ(t), t ∈ [b∗(t) – h, t].
(.)


























for all t ∈ [t,σ ], where σ is chosen arbitrarily such that t ≤ σ ≤ T.




















bj(t) g˜j(σ , s)ω˜
q
j (maxξ∈[cj(s)–h,cj(s)] u(ξ ))ds, t ∈ [t,σ ],
rˆ(σ ), t ∈ [b∗(t) – h, t].
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Clearly, z(t) is nondecreasing. By (.) and the deﬁnition of z(t) we have
u(t)≤ ϕ–(z q (t)), t ∈ [b∗(t) – h,σ ]. (.)
Since z(t) is nondecreasing, from (.) we obtain
max
ξ∈[cj(s)–h,cj(s)]








≤ ϕ–(z q (cj(s))) ≤ ϕ–(z q (s)), s ∈ [bj(t),bj(σ )]. (.)
It follows from (.), (.), and the deﬁnition of z(t) that



























ds, t ∈ [t,σ ]. (.)
In order to demonstrate the basic condition of monotonicity, let e(t) := ϕ–(t

q ), which is
clearly a continuous and nondecreasing function onR+. Thus, for each i, ω˜i(e(t)) is contin-
uous and nondecreasing on R+ and ω˜i(e(t)) >  for t > . Moreover, since ω˜i(t) ∝ ω˜i+(t),
we see that the ratio ω˜i+(b(t))/ω˜i(e(t)) is also a continuous and nondecreasing function on
R+ and satisﬁes ω˜i(e(t)) >  for t > , implying that ω˜qi (e(t))∝ ω˜
q
i+(e(t)), i = , . . . ,m+n– .
Applying Lemma . to the case that fi(t, s) = g˜i(σ , s), a(t) = rˆ(σ ), and ωi(t) = ω˜qi (ϕ–(t

q )),













for all t ≤ t ≤ min{σ ,T}, where
r˜(σ , t) := rˆ(σ ),











, i = , , . . . ,m + n – , (.)


















for i = , , , . . . ,m + n. Notice that T ≤ T. In fact,Wi is strictly increasing by (.), so its
inverseW–i is continuous and increasing in its corresponding domain by (.). It follows
from (.) and the deﬁnition of g˜i(σ , s) that r˜i(σ , t) and g˜i(σ , s) are nondecreasing in σ .
Thus, T satisfying (.) gets smaller as σ is chosen larger. In particular, T satisﬁes the
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for ≤ σ ≤ T . It is easy to verify r˜i(σ ,σ ) = rˆi(σ ).






























for t ≤ t ≤ T . This completes the proof. 




























ds, t ∈ [t, t),
u(t)≤ ψ(t), t ∈ [b∗(t) – h, t],
(.)















for all t ∈ [t, t), where W–i is the inverse of Wi, Wi is deﬁned in (.), r¯i(t) is deﬁned by












, i = , , . . . ,m + n – , (.)
M := max(maxs∈[b∗(t)–h,t] ψ(s),ϕ–((+m+n)–/qc)), p +



















, i = , , , . . . ,m + n, (.)
and ω˜i and g˜i are deﬁned by (.) and (.), respectively.
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ds, t ∈ [t, t),
u(t)≤M, t ∈ [b∗(t) – h, t].
(.)
Then from (.) we obtain (.) by Theorem ., where we choose a(t)( + m +
n)/q–ϕ(M). This completes the proof. 
3 Applications
In this section, we apply our result to estimate solutions for the nonlinear integral equation
and integral equation with a weakly singular kernel and maxima separately.
3.1 Differential equation with the maxima
Consider a system of diﬀerential equations with maxima
{
x′(t) = F(t,x(t),maxs∈[β(t),α(t)] x(s)) + c
∫ t
 (t – s)–λx′(s)ds, t ≥ t,
x(t) =ψ(t), t ∈ [α(t) – h, t], (.)
where c, λ ( < λ < ), t ≥ , and h >  are constants,ψ ∈ C([α(t)–h, t],R), F ∈ C(R+ ×
R
,R), α,β ∈ C([t,∞),R+), α(t) is a nondecreasing function, β(t) ≤ t, α(t) ≤ t, and  <
α(t) – β(t)≤ h for t ≥ t.
Equation (.) is more general than the equation considered in Section  of [] so that
the results of the integral inequalities obtained in [] do not work. We will give an esti-
mate for solutions of system (.).
Corollary . Suppose in system (.) that
∣∣F(t,x, y)∣∣ ≤ h(t)|x|μ(|x|) + h(t)|y|μ(|y|) + h(t), t ≥ ,x, y ∈R, (.)
where hi ∈ C(R+,R+) (i = , , ), all μi (i = , ) are continuous and nondecreasing on R+
and are positive on (,∞) such that μ ∝ μ,  < p < /λ, p + q = . For given u >  and












ds, u≥ u > .
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, ∀t ∈ [t, t∗], (.)

























N(t) := maxs∈[α(t)–h,t] |ψ(s)|+ |ψ(t)|( + |c|t–λ/( – λ)) +
∫ t
t |h(s)|ds for t ≥ t, and t∗ is
































Proof LetM = maxs∈[α(t)–h,t] |ψ(s)| and x(t) = x(t, t,ψ), the solution of system (.) de-
ﬁned for all t ≥ α(t) – h. The function x(t) satisﬁes the following integral equation:
x(t) =ψ(t)
(















(t – s)–λx(s)ds, t ≥ t,
x(t) =ψ(t), t ∈
[




By (.) and the deﬁnition of N(t), we get from (.)









≤ ∣∣ψ(t)∣∣( + |c|t–λ/( – λ)) +
∫ t
t






































∣∣x(ξ )∣∣)ds, t ≥ t,
∣∣x(t)∣∣ ≤ ∣∣ψ(t)∣∣ ≤M, t ∈ [α(t) – h, t].
(.)
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Set u(t) := |x(t)| for t ∈ [α(t) – h,∞). Then, using the inequality maxξ∈[β(s),α(s)] u(ξ ) ≤

























ds, t ≥ t,
u(t)≤M, t ∈ [α(t) – h, t].
(.)
Using our Theorem . to the speciﬁedm = , n = , ϕ(u) = u, a(t) =N(t), αi =  (i = , , ),
g(t, s) = , gi(t, s) = hi–(s) (i = , ), bi(t) = t (i = , , ), αi =  (i = , , ), k = , q = ,
qi = ki =  (i = , ), β = –λ, ω(s) = s, ω(s) = sμ(s), ω(s) = sμ(s), since μ ∝ μ, we see

















for all t ∈ [t, t∗], where t∗ is given in (.). Inequality (.) proves the validity of inequality
(.). 
Next, we discuss the uniqueness of solutions for system (.).
Corollary . Suppose that
∣∣F(t,x, y) – F(t,x, y)∣∣ ≤ h(t)|x – x| + h(t)|y – y| (.)
for all t ≥ t and all xi, yi ∈ R (i = , ), where hi ∈ C([t,∞),R+). Then system (.) has at
most one solution on [t, t).
Proof Assume that (.) has two diﬀerent solutions u(t) = u(t, t,ψ) and v(t) = v(t, t,ψ),
deﬁned for t ≥ α(t) – h. Then u(t) and v(t) satisfy the integral equations deﬁned for all
t ≥ α(t) – h. The two functions u(t) and v(t) satisfy the integral equations
u(t) =ψ(t)
(















(t – s)–λu(s)ds, t ≥ t,
v(t) =ψ(t)
(















(t – s)–λv(s)ds, t ≥ t,
(.)
and u(t) = v(t) =ψ(t) for t ∈ [α(t) – h, t]. It implies that






















































∣∣u(ξ ) – v(ξ )∣∣ds, ∀t ≥ t. (.)



















φ(ξ )ds, t ≥ t,
φ(t)≤ , t ∈ [α(t) – h, t].
(.)
Here, ε is an arbitrary positive number, which is the formula of the system of integral
inequalities (.). Applying our Corollary . to (.), we have
















 < p < /λ, p +

q = , letting ε → , we obtain |u(t)–v(t)| ≤ , which implies that u(t) = v(t)
for all t ∈ [t, t). The uniqueness is proved. 
3.2 Integral equation with maxima
Consider the system of integral equations with maxima
⎧⎪⎨
⎪⎩
x(t) = a(t) +
∫ t




t (t – s)
β–sγ–f(t, s,maxξ∈[β(s),α(s)] x(ξ )))ds, t ≥ t,
x(t) =ψ(t), t ∈ [α(t) – h, t],
(.)
where ψ ∈ C([α(t) – h, t],R), f ∈ C(R+ ×R,R), t ≥ , and h >  are constants. Suppose
that
(a) |fi(t, s,u)| ≤ pi(t, s)hi(|u|), where pi ∈ C([t,∞) × [t,∞),R+), hi ∈ C(R+,R+) is con-
tinuous and nondecreasing on R+ and is positive on (,∞) such that h ∝ h, pi(t, s) is
nondecreasing in t for each ﬁxed s,βi ∈ (, ), γi >  – p and p + βi + γi –  ≥  (p > ,
i = , );
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(a) α,β ∈ C([t,∞),R+), α(t) is a nondecreasing function, β(t) ≤ t, α(t) ≤ t, and  <
α(t) – β(t)≤ h for t ≥ t;
(a) a(t) is continuous [t,∞).
First of all, we give an estimate for the solutions of (.).
Corollary . Suppose that (a)-(a) hold, and maxs∈[α(t)–h,t] |ψ(s)| ≤ –/q|a(t)|. Then































ci(t) = t/p+αi+βi–B(p(γi – ) + ,p(βi – ) + )

p , p +









, u≥ ui > , i = , ,













































Proof Let a˜(t) := maxτ∈[,t]{|a(τ )|}. Then a˜(t) is a continuous and nondecreasing function
on [t,∞). From (.) and condition (a) we obtain
∣∣x(t)∣∣ ≤ a˜(t) +
∫ t
t











































ds, t ≥ t,
u(t) =
∣∣ψ(t)∣∣, t ∈ [α(t) – h, t].
(.)
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Using the inequality maxξ∈[β(s),α(s)] u(ξ ) ≤ maxξ∈[α(s)–h,α(s)] u(ξ ), which follows from condi-


















ds, t ≥ t,
u(t) =
∣∣ψ(t)∣∣, t ∈ [α(t) – h, t].
(.)
Notice that maxs∈[α(t)–h,t] |ψ(s)| ≤ –/q(a˜(t)) because maxs∈[α(t)–h,t] |ψ(s)| ≤ –/q ×
|a(t)| = –/q(a˜(t)). From (.) and Theorem ., we obtain (.). This completes the
proof. 
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